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In physics we find it easy to observe the change in position and the motion of objects. 
When we define and object, we talk about it in terms of particles (or an ensemble of particles). 
The cause of the motion can be discussed in terms of forces. In electromagnetism we define 

force due to a charge (particle with a charge) onto a second charge, 𝐹 12 𝑟 12 , as: 

 
𝐹 12 𝑟 12 =

𝑘𝑞1𝑞2
𝑟 12
2 𝑟 12 (1) 

 

where 𝑘 ≅ 9 × 109Nm2 C2  is the force constant, 𝑞1 is the charge of the first particle, 𝑞2 is the 

charge of the second particle, 𝑟 12 is the radius between the two charges, and 𝑟 12 = 𝑟 12/ 𝑟 12 ∙ 𝑟 12 is 
the direction of the force (which is from the first charge and pointing towards the second 
charge). 

But what if we take one of the charges away? Indeed there will be no force between the 
charges, but does the other cease to exist if there is no force acting on it? It would seem strange 

for the charge to vanish; so instead we can say that it has an electric field, 𝐸  1 𝑟 1 : 

 
𝐸  1 𝑟 1 =

𝑘𝑞1
𝑟 1
2 𝑟 1 (2) 

 

where 𝑟 1 is the radius away from the first charge and 𝑟 1 is the direction of the field. If the second 
charge is reintroduced, the force it experiences due to the electric field of the first charge is 

 𝐹 12 𝑟 12 = 𝑞2𝐸  12 𝑟 12  (3). 

 

Physicists wondered how two objects could interact with nothing in between them. It was 
described as a “spooky” force at a distance. However with the electric field formulation, each 
charge has an electric field around it, and it is this field that exists between two objects. By 
writing mathematics differently, although it’s still equivalent, we can interpret it differently. 
These different interpretations lead to different predictions and this one lead to the 
development of field theory in physics. 

It is often easier to work with energies, as we don’t have to keep track of specific 
directions. From classical physics if there is force between two objects, there is also a potential 
energy between them. So from the force, the potential energy between the two 
charges, 𝑈12 𝑟 12 , can be found (by integrating Equation (1)) to be: 

 
𝑈12 𝑟 12 =

𝑘𝑞1𝑞2
 𝑟 12 

 (4). 

 



Again the question is: can we talk about the energy without a second object? Yes we can! For 
example you can look at a mountain and predict it will require a lot of energy to climb up, just by 
its height, without actually climbing it. For this very reason when can predict a spot has high 
potential energy without actually putting a charge there. This is called the electric potential and 
for a charge, 𝑉1 𝑟 1 , and it can be written as: 

 
𝑉1 𝑟 1 =

𝑘𝑞1
 𝑟 1 

 (5) 

 

with the potential energy between two charges being: 

 𝑈12 𝑟 12 = 𝑞2𝑉12 𝑟 12  (6) 

 

Electric potential (commonly called 
voltage) can be imagined as elevation, 
especially with gravity. It is the same for 
charges, except that an upward slope can 
turn into a negative slope if you swap a 
positive charge for a negative charge (or 
vice-versa). The points where the voltage is 
the same form what are called equipotential 
lines as shown in Figure 1 for a positive 
charge. For example the lines on terrain 
maps show all of the places where the 
elevation is the same. You can think of 
potential like elevation, especially with 
gravity. It is the same for charges, except 
that an upward slope can turn into a negative 
slope if you swap a positive charge for a 
negative charge (or vice-versa). 

How do the equipotential lines relate 
to the field? Imagine you are standing on the 
side of a mountain at an equipotential line. If 
you walked along the equipotential line the 
height would not change and it would be easy. Now imagine you fell; you would likely fall away 
from the mountain. This is direction the electric field points; it points perpendicular to the 
equipotential lines and away from high points. Mathematically I can write the relationship 
between the electric field and potential in one dimension like this: 

 
𝐸𝑥 = −

𝑑𝑉

𝑑𝑥
≈ −

∆𝑉

∆𝑥
= −

 𝑉𝑓𝑖𝑛𝑎𝑙 − 𝑉𝑖𝑛𝑖𝑡𝑖𝑎𝑙  

∆𝑥
=

𝑉𝑖𝑛𝑖𝑡𝑖𝑎𝑙 − 𝑉𝑓𝑖𝑛𝑎𝑙
∆𝑥

 

 

(7) 

 

 

Figure 1 – A central positive charge (red with a white plus) 
produces an electric field (blue arrows). Where the 
magnitudes of these vectors are the same, the electric 
potential is also the same. The lines traveling through 
points of the same potential are equipotential lines 
(shown by black circles here). 



 

here ∆ means the change in; so ∆𝑉 is the change in potential and ∆𝑥 is the change in position 
(where 𝑑𝑉 and 𝑑𝑥 are infinitesimal changes). There is a negative sign is here to ensure the 
electric field points toward the lower potential. Notice that the electric field sign here, 𝐸𝑥 , is not 
a vector, that is because this formula won’t tell you the absolute direction, and it will just give 
you a magnitude (to figure out direction you will need to do this for all three dimensions). As the 
electric field is proportional to the change in voltage divided by change in distance, it is 
sometimes given the units of volts per meter (V/m). If you are looking at an equipotential map, 
the electric field is high where the equipotential lines are close together. When equipotential 
lines are close together, it means the voltage is changing a lot in a short distance, thus a high 
electric field. 


